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Abstract
For a finite group G and its character χ , let L be the set of distinct values of χ on non-identity
elements of G and fL(χ(1)) denote the monic polynomial of least degree having L as its set of
roots. Blichfeldt [A theorem concerning the invariants of linear homogeneous groups with some
applications to substitution groups, Trans. Amer. Math. Soc. 5 (1904) 461–466. [2]] showed that
fL(χ(1))/|G| is a rational integer. Cameron and Kiyota [Sharp character of finite groups, J. Algebra
115 (1988) 125–143] called the pair (G,χ) L-sharp if |G| = fL(χ(1)) and posed the problem of
determining all the L-sharp pairs (G,χ) for a given set L. For several cases those problems have
already been studied by many authors. Our purpose is to determine the sharp pairs of types {−2,1}
and {−1,2} having non-trivial center.
 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finite group and χ be a faithful character of G of degree n. Put L = {χ(g) |
g ∈ G, g = 1}. Then we call L the type of the pair (G,χ). Also the pair (G,χ) is said to be
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for a given set L of algebraic integers, all the sharp pairs (G,χ) of type L.
If χ contains the principal character 1G of G as a constituent with multiplicity m, and if
we put χ ′ = χ −m1G and L′ = {α −m | α ∈ L}, then (G,χ) is sharp of type L if and only
if (G,χ ′) is sharp of type L′. (G,χ) is said to be normalized if (χ,1G)G = 0. So whenever
we consider the classification of sharp pairs, we may assume that (G,χ) is normalized.
The cases when L contains an irrational number have been completely settled by Alvis
and Nozawa [1] and others. But the results for that L contains only rational integers are
few (see [3,4,6,7]). For such a set L, we define the rank as follows: the sharp pair (G,χ)
is of rank k if |L| = k, where L is a finite set of rational integers.
The simplest case is of rank 1. If (G,χ) is sharp and normalized of rank 1, say L = {},
then it is easy to see that  = −1 and χ = ρG − 1G where ρG is the regular character of G.
In general, if (G,χ) is sharp and normalized of rank 2, say L = {1, 2}, then it follows
from ρG = (χ − 11G)(χ − 21G) that (χ,χ)G = 1 − 12 and 1 < 0 2. This implies
that (χ,χ)G = 1 if and only if (G,χ) is type {,0} where  < 0, and (χ,χ)G = 2 if and
only if (G,χ) is type {−1,1}. For the first case, the detailed properties of G and χ have
been stated in [4]. The sharp pairs (G,χ) for the second case have been given by Cameron,
Kataoka and Kiyota [3].
Next it seems naturally to consider the case when (χ,χ)G = 3, so that L = {−2,1} or
{−1,2}. For such L, the sharp pairs (G,χ) are not completely determined yet except for
the following special case.
Theorem (Iiyori [6]). Let G be a finite group and χ be a generalized character of G
of degree n. Suppose that (G,χ) is sharp of type {−2,1} with n ≡ 0,2 (mod 3), of type
{−1,2} with n ≡ 0,1 (mod 3). Then G ∼= D10, and χ(1) = 3 = −1 + 2 + 2 if (G,χ) is of
type {−2,1} or χ(1) = −3 = 1 − 2 − 2 if (G,χ) is of type {−1,2}.
In this paper we will consider the classification of sharp pairs of types {−2,1} and
{−1,2} having non-trivial center. We now assume that (G,χ) is sharp and normalized of
type L where L is either {−2,1} or {−1,2}. Put ε = ±1. Then it follows from the definition
of sharp that |G| = (n + 2ε)(n − ε) in either cases. Hence the condition of above theorem
with respect to χ -values is equivalent to (n + 2ε,n − ε) = 1, so that (|G|,3) = 1. For the
case of (|G|,3) = 1, we will show the following results.
Theorem 1. Suppose that (G,χ) is sharp and normalized of type {−2,1}. If |Z(G)| = 1,
then G is isomorphic to one of the following five groups:
(1) Z3 × S3, χ(1) = 4 = 2 + 1 + 1;
(2) Z3 × A5, χ(1) = 13 = 5 + 4 + 4;
(3) Z3 × PSL(2,7), χ(1) = 22 = 8 + 7 + 7;
(4) |G| = 54, χ(1) = 7 = 1 + 3 + 3 and P = G′ where P ∈ Syl3(G);
(5) |G| = 108, χ(1) = 10 = 4 + 3 + 3 and P = G′ where P ∈ Syl3(G).
Theorem 2. Suppose that (G,χ) is sharp and normalized of type {−1,2}. If |Z(G)| = 1,
then G is isomorphic to one of the following four groups:
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(2) Z3 × A5, χ(1) = 14 = 4 + 5 + 5;
(3) Z3 × PSL(2,7), χ(1) = 23 = 7 + 8 + 8;
(4) |G| = 54, χ(1) = 8 = 2 + 3 + 3 and P = G′ where P ∈ Syl3(G).
Here each right-hand side of χ(1) in Theorems 1 and 2 expresses the sum of degrees of
irreducible constituents of χ . Also it is easily verified that the groups listed in Theorems 1
or 2 have sharp characters of type {−2,1} or {−1,2}, respectively, by inspection of their
character tables.
The result of Feit and Thompson [5] on groups containing a self-centralizing subgroup
of order 3, and the result of Gruenberg and Kegel [8] on groups whose prime graph has two
or more components, may be used to determine the sharp pairs. In Section 2, we introduce
their results and several preliminary propositions. Using these results, our main theorems
will be proved in Section 3.
2. Preliminary results
We first state two theorems which are key results in the proof of our theorems.
Theorem A (W. Feit and J.G. Thompson). Let G be a finite group which contains a self-
centralizing subgroup of order 3. Then one of the following statements is true.
(I) G contains a nilpotent normal subgroup N such that G/N is isomorphic to either A3
or S3.
(II) G contains a normal subgroup N which is a 2-group such that G/N is isomorphic
to A5.
(III) G is isomorphic to PSL(2,7).
The prime graph Γ (G) of a finite group G is constructed as follows: the vertices are
the primes dividing |G|, two vertices p,q are joined by an edge if and only if there exists
a g ∈ G such that pq divides o(g). We denote the number of the connected components
of Γ (G) by com(G). If |G| is even, then the component containing the prime two will be
denoted by π1.
Theorem B (K.W. Gruenberg and O. Kegel). If G is a finite group whose prime graph has
com(G) 2, then G has one of the following structures:
(a) Frobenius or 2-Frobenius;
(b) non-abelian simple;
(c) an extension of a π1-group by a simple group;
(d) simple by π1-group;
(e) π1 by simple by π1.
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groups M,N of G with 1 < N < M < G such that G/N is a Frobenius group with
Frobenius kernel M/N and M is a Frobenius group with Frobenius kernel N .
From now on, let χ be a faithful character of a finite group G. Put χ(1) = n, and
let ε = 1 or −1. Suppose that (G,χ) is sharp and normalized of type {−2ε, ε}, so that
|G| = (n + 2ε)(n − ε).
We also need the following propositions for the proof of our theorems.
Proposition 2.1. Let p and q be primes different from 3. Suppose that p divides n− ε and
q divides n + 2ε. Then the following hold:
(1) χ(g) = ε for every element g of order p in G.
(2) χ(h) = −2ε for every element h of order q in G.
(3) G has no element of order pq .
Proof. Since χ is rational-valued, χ(g) ≡ n ≡ ε (mod p), and hence we have χ(g) = ε
since p = 3. So (1) holds. (2) is proved by the same argument as (1).
Suppose that G has an element x of order pq . Then we have χ(x) ≡ χ(xq) (mod p)
where xq is the q-part of x. Since xq is of order q , (2) implies that χ(x) = −2ε. Similarly
we have χ(x) = χ(xp) = ε where xp is the p-part of x. This is a contradiction and the
proof is complete. 
Proposition 2.2. If |Z(G)| > 1, then (n + 2ε,n − ε) = 3.
Proof. It is easy to see that (n + 2ε,n − ε) = 1 or 3. If (n + 2ε,n − ε) = 1, then we have
(|G|,3) = 1 and so it follows from Proposition 2.1(3) that either n−ε = 1 or n+2ε = 1. In
either case we have |G| = 4, which is impossible since |Z(G)| = 1. Therefore we conclude
that (n + 2ε,n − ε) = 3 as required. 
Since (G,χ) is of type {−2ε, ε}, (χ,χ)G = 3 and hence χ is a sum of three irreducible
characters of G. So we can put χ = χ1 +χ2 +χ3 where χi ∈ Irr(G), the set of all (complex)
irreducible characters of G. Since (χi,χ)G = (χ,χi)G, there are at least one real-valued
character among the χi . Also if all of those χi are real-valued, then Z(G) has exponent 2.
In fact, since χiZ(G) = χi(1)λi for some linear character λi of Z(G), we have λi(z) = ±1
for z ∈ Z(G). Hence χi(z2) = χi(1) and so χ(z2) = χ(1). This implies that z2 = 1 since
χ is faithful.
Proposition 2.3. If |Z(G)| > 1, then |Z(G)| = 3.
Proof. Let z ∈ Z(G) be an element of order r > 2. Then we can put χ3 = χ2 and
χ(z) = χ1(1) + χ2(1)ξ + χ2(1)ξ¯ (1)
where ξ is a primitive r th root of unity. Hence r has to be equal to 3, 4 or 6 since
χ(z) is rational. If r = 4, then it follows from (1) that χ(z) = χ1(1). This implies
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χ(z2) = 2 − 2χ2(1) ∈ {−1,2}. But in both cases there is no possible value of χ2(1). Hence
Z(G) has no element of order 4. Also, if r = 6, then χ(z) = χ1(1) + χ2(1) ∈ {−2ε, ε}
and so χ1(1) = χ2(1) = 1. Hence χ(z2) = χ1(1)− χ2(1) = 0, a contradiction. Thus Z(G)
has no element of order 6. Therefore Z(G) is either an elementary abelian 2-group or an
elementary abelian 3-group.
Suppose that Z(G) is an elementary abelian 2-group. Let z ∈ Z(G) \ {1}. Then, it fol-
lows from Proposition 2.1 that:
(a) 2 divides n − ε, n + 2ε is a power of 3 and χ(z) = ε, or
(b) 2 divides n + 2ε, n − ε is a power of 3 and χ(z) = −2ε.
We may put n + 2ε = 3 in the case (a) and n − ε = 3 in the case (b) where  is a
non-negative integer. Since χ is faithful and since |χi(z)| = χi(1), we may assume that
χ1(z) = ηχ1(1), χ2(z) = ηχ2(1) and χ3(z) = −ηχ3(1), where η = 1 or −1. Then we have
n − ηχ(z) = χ(1) − ηχ(z) = 2χ3(1). We now divide into four cases according to that
either (a) or (b) holds and the number η.
Case 1. (a) holds and η = 1.
Let h ∈ G \ Z(G). Then since χ(hz) = χ1(h) + χ2(h) − χ3(h) ∈ {−2ε, ε}, we have
χ(h) − χ(hz) = 2χ3(h) ∈ {−3ε,0,3ε} and so χ3(h) = 0. Therefore we have
∣∣χ3(g)
∣∣=


3 − 3ε
2
if g ∈ Z(G),
0 if g ∈ G \ Z(G)
and hence
(χ3, χ3)G = |Z(G)| · (3
 − 3ε)2
4 · |G| =
|Z(G)| · (3−1 − ε)
4 · 3−1 = 1.
This forces that  = 1 and ε = −1 since Z(G) is a 2-group. Thus we have |G| = 18 and
|Z(G)| = 2 which is impossible. Therefore Case 1 does not occur.
Case 2. (a) holds and η = −1.
Since χ3 ∈ Irr(G),
|G|
χ3(1)
= 2 · (3
 − 3ε) · 3
3 − ε = 2 · 3
+1 · (3
−1 − ε)
3 − ε
is an integer. This forces  = 1 and ε = −1, and hence we have |G| = 18, a contradiction
since Z(G) is a 2-group. Therefore Case 2 does not occur.Case 3. (b) holds and η = 1.
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|G| = 18. This is a contradiction and thus Case 3 does not occur.
Case 4. (b) holds and η = −1.
Since χ3 ∈ Irr(G),
|G|
χ3(1)
= 2 · (3
 + 3ε) · 3
3 − ε = 2 · 3
+1 · (3
−1 + ε)
3 − ε
is an integer. This forces  2 and ε = 1, and hence we have |G| = 18 or 108. However,
|G| = 18 is impossible. Also a group G of order 108 which |Z(G)| is a 2-group has no
irreducible character of degree 4 by inspection of character table, contrary to χ3(1) = 4.
Therefore Case 4 does not occur.
Thus (a) and (b) does not hold in all cases, and hence Z(G) is not an elementary abelian
2-group. Therefore Z(G) is an elementary abelian 3-group. Then we may assume that χ1 is
real-valued and χ2, χ3 are pairwise complex conjugates, so that χ(z) = χ1(1)+ χ2(1)ω +
χ2(1)ω2 for z ∈ Z(G) \ {1}, where ω is a primitive 3rd root of unity.
Now suppose that Z(G) = 〈z〉. Then there exists some x ∈ Z(G) \ 〈z〉 such that χ(x) =
χ1(1) + χ2(1)ω + χ2(1)ω2. This implies that z = x since χ is faithful, a contradiction.
Therefore Z(G) = 〈z〉, so the proof of Proposition 2.3 is complete. 
If |Z(G)| > 1, then by Proposition 2.3, we may assume that χ1 is real valued and
χ3 = χ2. Also by Proposition 2.2 we may put n = 3k + ε for some integer k > 0, so that
|G| = (n + 2ε)(n − ε) = 9k(k + ε).
Proposition 2.4. Suppose that |Z(G)| > 1, so that Z(G) = 〈z〉. Then we have the following
statements.
(1) If χ(z) = ε, then χ1(1) = k + ε and χ2(1) = k.
(2) If χ(z) = −2ε, then χ1(1) = k − ε and χ2(1) = k + ε. In particular, 6/(k − ε) is an
integer.
Proof. Since χ = χ1 + χ2 + χ2, we have χ(z) = χ1(1) − χ2(1) and so
n = χ1(1) + 2χ2(1) = 3χ2(1) + χ(z) = 3k + ε.
This immediately yields (1) and the first statement of (2). Moreover, χ1(1) divides
|G : Z(G)| since χ1 ∈ Irr(G). Hence we have:
3k(k + ε)
k − ε = 3(k + 2ε) +
6
k − εis an integer and so (2) holds. 
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In this section, we will prove our theorems stated in Section 1. Throughout the rest of
this paper, the same assumptions and notation in Section 2 will be used, that is, we assume
that (G,χ) is sharp and normalized of type L = {−2ε, ε} where ε = 1 or −1. Also suppose
|Z(G)| > 1, and so we can put
n = χ(1) = 3k + ε, χ = χ1 + χ2 + χ2,
where χ1 ∈ Irr(G) is real valued and χ2 ∈ Irr(G) is non-real valued, and put Z(G) = 〈z〉.
Note that o(z) = 3 by Proposition 2.4.
3.1. Proof of Theorem 1
Throughout this proof, we may set ε = 1.
Claim 1. If χ(z) = −2, then k = 2 and G is isomorphic to a group listed in (4) of Theo-
rem 1.
Proof. Proposition 2.4(2) yields that k = 2, 3, 4 or 7. If k = 2, then we have |G| = 54,
n = 7, χ1(1) = 1 and χ2(1) = 3. Clearly such a group G is isomorphic to a group listed in
(4) of Theorem 1. It is easily seen, by inspection of character tables, that for the other three
values of k, there are no sharp character of type {−2,1}. So Claim 1 is proved. 
For the remainder of this proof, we suppose χ(z) = 1. Let h ∈ G \Z(G), put χ1(h) = α
and χ2(h) = β . Then we have a list of χi -values on elements of G.
1 z z2 h hz hz2
χ1 k + 1 k + 1 k + 1 α α α
χ2 k kω kω2 β βω βω2
χ2 k kω2 kω β¯ β¯ω2 β¯ω
where ω = e2π i/3. Therefore it is easy to see that
χ(h) + χ(hz) + χ(hz2)= 3α ∈ {−6,−3,0,3}
since 1 + ω + ω2 = 0, and so α ∈ {−2,−1,0,1}.
We now divide into two cases according to the values α.
We will show that, if there is an element of G such that α = −1, then Theorem A can
be applied, while if not, then Theorem B can be applied. First, we deal with the case when
there is an element of G such that α = −1.Case A. Suppose that there exists an element h ∈ G \ Z(G) such that χ1(h) = −1.
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χ(hz2) is equal to 1, and others are equal to −2. Hence one of β + β¯ , βω + β¯ω2 and
βω2 + β¯ω is equal to 2, and others are equal to −1. A case-by-case calculation yields
that β = 1, ω or ω2, that is, χ2(h) = 1, ω or ω2. If necessary, replacing h by either hz or
hz2, we may assume that χ2(h) = 1. From now on, we may fix an element h of G having
χ1(h) = −1 and χ2(h) = 1 for the rest of Case A.
Claim A1. |CG(h)| = 9 and (k(k + 1),3) = 1.
Proof. Since
|hG|χ1(h)
χ1(1)
= − 9k|CG(h)| ,
|hG|χ2(h)
χ2(1)
= 9(k + 1)|CG(h)|
are algebraic integers and rational numbers and therefore integers, this implies that |CG(h)|
divides 9 since (k, k+1) = 1. Moreover, since 3 = |Z(G)| < |CG(h)|, we get |CG(h)| = 9.
In particular h is a 3-element and thus χ2(h) ≡ χ2(1) (mod q) where q is a prime ideal of
the ring of algebraic integers with 3 ∈ q. Therefore χ2(1) ≡ 1 (mod 3). Since χ2(1) = k by
Proposition 2.4, k(k + 1) is not divisible by 3 as desired. 
Claim A2. Let G = G/Z(G). Then |CG(h¯)| = 3.
Proof. It is clearly that CG(h¯) ⊇ CG(h)/Z(G). Conversely, let g¯ ∈ CG(h¯), and so there
exists x ∈ Z(G) such that g−1hg = hx. Hence χ2(h) = χ2(hx). Since χ2(h) = 0, we
have x = 1. Therefore g ∈ CG(h) and so CG(h¯) ⊆ CG(h)/Z(G). Thus we have CG(h¯) =
CG(h)/Z(G). This implies that |CG(h¯)| = 3 since |Z(G)| = 3, and the proof of Claim A2
is complete. 
By Claim A2, we can now apply Theorem A to the group G. Therefore one of the
following holds:
(I) G contains a nilpotent normal subgroup N such that G/N is isomorphic to either A3
or S3.
(II) G contains a normal subgroup N which is a 2-group such that G/N is isomorphic to
A5.
(III) G is isomorphic to PSL(2,7).
Claim A3. If (I) holds, then G is isomorphic to a group listed in (1) of Theorem 1.
Proof. Since |G/N | = 3k(k + 1)/|N | = 3 or 6, we have |N | = k(k + 1) or k(k + 1)/2.
Let p, q be prime numbers dividing k + 1, k, respectively, and let x¯, y¯ ∈ N be of
order o(x¯) = p, o(y¯) = q . We may also choose such an element x ∈ G as x¯ = xZ(G) and
o(x) = p. Similarly choose y ∈ G as y¯ = yZ(G) and o(y) = q . Then since the degree of
χ1 is divided by the highest power of p dividing |G|, we have χ1(x) = 0 and so χ2(x) = 0.
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that y−1xy = xu, and so χ2(x) = χ2(xu). This implies u = 1 since χ2(x) = 0. Therefore
we get y−1xy = x contrary to the statement (3) of Proposition 2.1 since (3, k(k + 1)) = 1.
Thus we obtain k = 1, and so n = 4, χ1(1) = 2, χ2(1) = 1 and |G| = 18. This forces that
G ∼= Z3 × S3 as claimed. 
Claim A4. If (II) holds, then G is isomorphic to a group listed in (2) of Theorem 1.
Proof. Since N is a 2-group, we have
∣∣G∣∣= 2a · 60 = 3 · 2a+2 · 5 = 3k(k + 1)
and so a = 0, |G| = 180, k = 4, n = 13, χ1(1) = 5 and χ2(1) = 4. Then it is easy to see
that G ∼= Z3 × A5. This completes the proof of Claim A4. 
Claim A5. If (III) holds, then G is isomorphic to a group listed in (3) of Theorem 1.
Proof. Since G ∼= PSL(2,7), we obtain |G| = 504, n = 22, χ1(1) = 8 and χ2(1) = 7.
Then it is easy to see that G ∼= Z3 × PSL(2,7). This completes the proof of Claim A5. 
Thus all of the three cases in Theorem A have been checked.
Case B. Suppose that there exists no element of G on which a value of χ1 is −1.
Then the possible values of irreducible constituents of χ on elements of G are as fol-
lows:
1 z z2 g1 g2 h hz hz2
χ1 k + 1 k + 1 k + 1 1 −2 0 0 0
χ2 k kω kω2 0 0 −1 −ω −ω2
χ2 k kω2 kω 0 0 −1 −ω2 −ω
We note that there actually exist three elements g1, g2, h ∈ G as above and thus all the
values of χ1 are k + 1, 0, 1 and −2. In fact, let a, b be the number of elements of G such
that χ1(g) = 1, χ1(g) = −2, respectively. Then since (χ1, χ1)G = 1 and (χ1,1G)G = 0,
we conclude that a = (2k − 3)(k + 1) and b = k(k + 1). This implies that there exist such
elements g1 and g2 of G. Also it follows from (χ2, χ2)G = 1 that there exists such an
element h of G.
We fix three elements g1, g2, h of G having above values for the rest of this proof.Claim B1. k is a multiple of 3.
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(0,−1), (0,−ω) or (0,−ω2), and so
(
χ1, χ
3
2
)
G
= 1|G|3(k + 1)k
3 = k
2
3
.
Hence the result follows. 
Claim B2. h is a 3′-element and o(h) divides k + 1.
Proof. If o(h) is divisible by 3, then for a prime p different from 3 and a prime ideal p with
p ∈ p we have χ2(h) ≡ χ2(hp′) (mod p) where hp′ is the p′-part of h. This implies that
χ2(hp′) ∈ {−1,−ω,−ω2}. Repeating the same argument, we get χ2(h3) ∈ {−1,−ω,−ω2}
for the 3-part h3 of h. On the other hand, we have χ2(h3) ≡ χ2(1) (mod q) where q is
a prime ideal with 3 ∈ q, contrary to Claim B1. Therefore h is a 3′-element. It follows
from Proposition 2.1 and Claim B1 that o(h) divides k + 1. The proof of Claim B2 is
complete. 
Claim B3. o(g2) is divisible by 3.
Proof. If g is an element of G such that o(g) is not divisible by 3, then by repeating the
similar argument as above, we have χ(gz) ≡ χ(z) (mod p) for some prime p different
from 3. So χ(gz) = 1 since χ(z) = 1. Therefore χ1(g) has be equal to 1 or 0. Hence the
result follows from χ1(g2) = −2. 
Put G = G/Z(G). Since kerχ1 contains Z(G), it is known that G has the following
irreducible character ψ :
1¯ g¯1 g¯2 h¯
ψ k + 1 1 −2 0
We now consider the prime graph of a group G.
Claim B4. The prime graph of G has com(G) 2.
Proof. Both
|g¯G1 |ψ(g¯1)
ψ(1¯)
= 3k|CG(g¯1)|
,
|g¯G2 |ψ(g¯2)
ψ(1¯)
= (−2)3k|CG(g¯2)|
are algebraic integers and rational numbers, and therefore rational integers. Hence it fol-
lows that com(G) = 1 if and only if 2 divides k + 1 and there exists an element of order 6
in G.
Suppose now that 2 divides k + 1 and G contains an element u¯ of order 6. Hence o(u¯3)
divides k + 1, and so ψ(u¯3) = 0 since (3k, k + 1) = 1. On the other hand, since 3 divides
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2 divides k + 1, then G contains no element of order 6. Thus we obtain com(G)  2 as
claimed. 
By Claim B4, we can now apply Theorem B to the group G. Hence G has one of the
following:
(a) Frobenius or 2-Frobenius;
(b) non-abelian simple;
(c) an extension of a π1-group by a simple group;
(d) simple by π1-group;
(e) π1 by simple by π1.
Before beginning a case-by-case argument, we mention few remarks for the case when
G contains a normal subgroup.
Let N be a proper normal subgroup of G and let c0, c1, c2 be the number of elements of
N such that ψ(g¯) = 0, ψ(g¯) = 1, ψ(g¯) = −2, respectively, so that |N | = 1 + c0 + c1 + c2.
Then we can put c0 = 3kr , c1 = s(k + 1) and c2 = t (k + 1) for some non-negative integers
r , s and t since k + 1 divides |g¯G1 |, |g¯G2 | and 3k divides |h¯G|.
Here we note that c2 = 0 and the order of N is divisible by 3. In fact, since ψ is faithful,
it follows from Clifford’s theorem that
(ψN,1N)N =
k + 1 + c1 − 2c2
|N | = 0.
Therefore k + 1 + c1 − 2c2 = 0, and so c2 = 0. Since 3 divides o(g2) by Claim B3, |N | is
divisible by 3.
Claim B5. If (a), (c) or (e) of Theorem B hold, then G is isomorphic to a group listed in
(5) of Theorem 1.
Proof. In those three cases, we may assume that G has a normal subgroup N which is
either Frobenius kernel or a π1-group. Hence |N | divides 3k or k+1. Since |N | is divisible
by 3, |N | has to divide 3k and so we have c3 = 0. Therefore
∣∣N ∣∣= 1 + c0 + c1 + c2 = 3c2 − k = 3t (k + 1) − k = (3t − 1)k + 3t.
This forces t = 1 and k = 3 since |N | divides 3k. In particular, G is a Frobenius group of
order 36. Then it is easy to see that G is isomorphic to a group listed in (5) of Theorem 1
by inspection of the character table. This completes the proof of Claim B5. 
Claim B6. (b) and (d) of Theorem B do not occur.
Proof. The alternating group A6 of degree 6 is the only simple group having a faithful
irreducible character ψ which takes exactly four distinct values ψ(1), −2, 1 and 0. But
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In case when (d) holds, we may assume that N is a simple group and G/N is a π1-
group. Suppose that k is even. Then |G/N | divides 3k, and so we get (|G/N |,ψ(1)) = 1.
This implies that ψN ∈ Irr(N). Hence, by same argument as case (b), we have N ∼= A6. But
then ψ(1) = 10 and so k = 9, contrary to k even. Therefore k + 1 is even, so that |G/N |
divides k + 1, and hence 3k divides |N |. However
∣∣N ∣∣= 1 + c0 + c1 + c2 = (3r + 3t − 1)k + 3t
is not divisible by 3k, a contradiction. So (d) does not occur and the result follows. 
Throughout Case A and Case B, we have exhausted all possibilities of G and finished
the proof of Theorem 1.
3.2. Proof of Theorem 2
Replacing ε = 1 by ε = −1 in the proof of Theorem 1, and discussing on a parallel with
the proof of Theorem 1, we can prove Theorem 2 by almost all same argument. Throughout
this proof, we may set ε = −1.
Claim 1. χZ(G) does not take the value 2.
Proof. If not, then Proposition 2.4(2) yields that k = 1, 2 or 5. If k = 1, then we have
χ2(1) = 0, which is impossible. Also it is easily seen, by inspection of character tables,
that for the other two values of k, there are no sharp character of type {−1,2}. So Claim 1
is proved. 
For the remainder of this proof, we suppose χ(z) = −1. Let h ∈ G \ Z(G) and put
χ1(h) = α, χ2(h) = β . Then we have a list of values on elements of G.
1 z z2 h hz hz2
χ1 k − 1 k − 1 k − 1 α α α
χ2 k kω kω2 β βω βω2
χ2 k kω2 kω β¯ β¯ω2 β¯ω
where ω = e2π i/3. Therefore
χ(h) + χ(hz) + χ(hz2)= 3α ∈ {6,3,0,−3}
since 1 + ω + ω2 = 0, and so α ∈ {2,1,0,−1}.
We now divide into two cases according to the values α as the proof of Theorem 1. We
will show that, if there is an element of G such that α = 1, then Theorem A can be applied,
while if not, then Theorem B can be applied.
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Let α and β be as above. Since α = 1, it is easy to see that one of χ(h), χ(hz) and
χ(hz2) is equal to −1, and others are equal to 2. Hence one of β + β¯ , βω + β¯ω2 and
βω2 + β¯ω is equal to −2, and others are equal to 1. A case-by-case calculation yields that
β = −1, −ω or −ω2, that is, χ2(h) = −1, −ω or −ω2. If necessary, replacing h by either
hz or hz2, we may assume that χ2(h) = −1 and fix an element h of G having χ1(h) = 1
and χ2(h) = −1 for the rest of Case A.
Claim A1. |CG(h)| = 9 and (k(k − 1),3) = 1.
Proof. In the proof of Claim A1 of Theorem 1, replacing ε = 1 by ε = −1, the result
follows. 
Claim A2. Let G = G/Z(G). Then |CG(h¯)| = 3.
Proof. In the proof of Claim A2 of Theorem 1, replacing ε = 1 by ε = −1, the result
follows. 
By Claim A2, we can now apply Theorem A to a group G.
Replacing ε = 1 by ε = −1, the following three Claims A3–A5 follow from the same
argument as Claims A3–A5 in the proof of Theorem 1, respectively.
Claim A3. If the statement (I) of Theorem A holds, then G is isomorphic to a group listed
in (1) of Theorem 2.
Claim A4. If the statement (II) of Theorem A holds, then G is isomorphic to a group listed
in (2) of Theorem 2.
Claim A5. If the statement (III) of Theorem A holds, then G is isomorphic to a group listed
in (3) of Theorem 2.
Thus all the cases in Theorem A have been checked.
Case B. Suppose that there exists no element of G on which a value of χ1 is 1.
Then the possible values of irreducible constituents of χ on elements of G are as fol-
lows:
1 z z2 g1 g2 h hz hz2
χ1 k − 1 k − 1 k − 1 −1 2 0 0 0
χ2 k kω kω2 0 0 1 ω ω2
χ2 k kω2 kω 0 0 1 ω2 ω
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values of χ1 are k − 1, 0, −1 and 2. In fact, let a, b be the number of elements of G such
that χ1(g) = −1, χ1(g) = 2, respectively. Then since (χ1, χ1)G = 1 and (χ1,1G)G = 0,
we conclude that a = (2k + 3)(k − 1) and b = k(k − 1). This implies that there exist such
elements g1 and g2 of G. Also it follows from (χ2, χ2)G = 1 that there exists such an
element h of G.
We fix three elements g1, g2, h of G having above values for the rest of this proof.
Replacing ε = 1 by ε = −1, next four Claims B1–B4 follow from the same argument
as Claims B1–B4 in the proof of Theorem 1, respectively.
Claim B1. k is a multiple of 3.
Claim B2. h is a 3′-element and o(h) divides k − 1.
Claim B3. o(g2) is divisible by 3.
Put G = G/Z(G). Since kerχ1 contains Z(G), it is known that G has the following
irreducible character ψ :
1¯ g¯1 g¯2 h¯
ψ k − 1 −1 2 0
We now consider the prime graph of a group G.
Claim B4. The prime graph of G has com(G) 2.
By Claim B4, we can now apply Theorem B to the group G. Before beginning a case-by-
case argument, we mention few remarks for the case when G contains a normal subgroup.
Let N be a proper normal subgroup of G and let c0, c1, c2 be the number of elements of
N such that ψ(g¯) = 0, ψ(g¯) = −1, ψ(g¯) = 2, respectively, so that |N | = 1 + c0 + c1 + c2.
Then we can put c0 = 3kr , c1 = s(k − 1) and c2 = t (k − 1) for some non-negative integers
r , s and t since k − 1 divides |g¯G1 |, |g¯G¯2 | and 3k divides |h¯G|.
Here we note that c1 = 0 and the order of N is divisible by 3. In fact, since ψ is faithful,
it follows from Clifford’s Theorem that
(ψN,1N)N =
k − 1 − c1 + 2c2
|N | = 0.
Therefore k − 1 − c1 + 2c2 = 0, and so c1 = 0. Since 3 divides o(g2) by Claim B3, |N | is
divisible by 3 if c2 = 0. Also if c2 = 0, then c1 = k − 1 and so |N | = k + c0 = k(1 + 3r) is
divisible by 3 since 3 | k.
Claim B5. If (a), (c) or (e) of Theorem B hold, then G is isomorphic to a group listed in
(4) of Theorem 2.
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either Frobenius kernel or a π1-group. Hence |N | divides 3k or k−1. Since |N | is divisible
by 3, |N | has to divide 3k and so we have c0 = 0. Therefore
∣∣N ∣∣= 1 + c0 + c1 + c2 = 3c2 + k = 3t (k − 1) + k = (3t + 1)k − 3t.
This forces that t = 1, k = 3, or t = 0 since |N | divides 3k. If t = 1 and k = 3, then G is a
Frobenius group of order 18 and it is easy to see that G is isomorphic to a group listed in
(4) of Theorem 2 by inspection of the character table.
If t = 0, then |N | = 1+ c1 = k and hence s = 1. Thus N = {1}∪ g¯G1 , so that |CG(g¯1)| =
3k and the exponent of N is equal to 3 since 3 | k. Thus k is a power of 3 and CG(g¯1) is
a Sylow 3-subgroup of G, and so N is an elementary abelian 3-group and π1 does not
contain 3. In particular, N is not a π1-group. Therefore (c) and (e) do not occur. Also G
is not a Frobenius group with Frobenius kernel N . So G must be a 2-Frobenius. However,
it follows from Clifford’s Theorem that ψN = e(θ1 + θ2) where the θi are distinct and
conjugate linear characters of N . Hence (ψN,ψN)N = 2e2. On the other hand, it follows
from the orthogonal relation that
(ψN,ψN)N =
(k − 1)2 + k − 1
|N | = k − 1 = ψ(1) = 2e.
Hence e = 1 and so we obtain k = 3 and |G| = 18. This is impossible since there exists no
2-Frobenius group of order 18. Thus the proof of Claim B5 is complete. 
Claim B6. (b) and (d) of Theorem B do not occur.
Proof. There exist exactly three simple groups having a faithful irreducible character ψ
which takes exactly four distinct values ψ(1), −2, 1 and 0. Those are PSL(2,7) with
ψ(1) = 6, alternating group A7 of degree 7 with ψ(1) = 14 and PSL(3,3) with ψ(1) = 26.
Since k = ψ(1) + 1 is a multiple of 3, PSL(2,7) is impossible. Comparing with the order
of groups, the remaining two groups are also impossible. So (b) does not occur.
In case when (d) holds, we may assume that N is a simple group and G/N is a π1-group.
Suppose that k is even. Then |G/N | divides 3k, and so we get (|G/N |,ψ(1)) = 1. This
implies that ψN ∈ Irr(N). Hence, by same argument as case (b), we have N ∼= PSL(2,7),
A7 or PSL(3,3). But since ψ(1) = 6, 14 or 26 and so k = 7, 15 or 27, contrary to k even.
Therefore k − 1 is even, so that |G/N | divides k − 1, and hence 3k divides |N |. Since
∣∣N ∣∣= 1 + c0 + c1 + c2 = (3r + 3t + 1)k − 3t,
this implies that k = 3t , and hence r = (k−3)/6 and so |G : N | 2. Therefore |G : N | = 2
since G is not simple. In particular, N = G′ and so N = kerλ for the non-principal linear
character λ of G. Since λ(g¯) = −1 for g¯ ∈ G \ N , for any prime q dividing k − 1, every
q-element of G belongs to N .
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(mod 12). Now let t (G) denote the number of involutions in G and u¯ be an involu-
tion in G. Then calculating the Frobenius–Schur indicator ν2(ψ) = |G|−1∑g¯∈G ψ(g¯2)
of ψ ∈ Irr(G), we get t (G) = 3k, and hence |u¯G| = 3k since |CG(u¯)| divides k − 1. So
|CG(u¯)| = k − 1. Therefore the prime graph of N has at least two connected components
and every prime divisor of k−1 belongs to the component containing the prime two. How-
ever, it is easy to see that there exists no simple group satisfying these conditions. So (d)
does not occur and the result follows. 
Throughout Cases A and B, we have exhausted all possibilities of G and finished the
proof of Theorem 2.
Remark. Theorems 1 and 2 are still valid for generalized characters. Indeed, let χ be a
generalized character of a group G and (G,χ) be sharp of type {−2ε, ε} and normalized.
Without loss of generality, we may assume that n = χ(1)  0, because if (G,χ) is sharp
of type {−2ε, ε}, then (G,−χ) is sharp of type {2ε,−ε}. Then Propositions 2.1–2.4 in the
Section 2 hold for a generalized character χ . Moreover, in the proof of Proposition 2.4, it
is easily verified that χ is a character if |Z(G)| = 1.
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